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The Liapunov— Schmidt technique of bifurcation theory is used to spatially average
the convection— diffusion—reaction equation over smaller time/length scales to obtain
two-mode models (TMMs) for describing mixing effects in homogeneous tubular,
loop/recycle and tank reactors. For the isothermal case, these TMMs are described by a
pair of coupled balance equations involving the mixing-cup (C,, ) and the spatially aver-
aged ({C)) concentrations. One equation traces the evolution of C,, with (residence)
time, while the other is a local equation that describes mixing resulting from coupling
between diffusion, velocity gradients, and reaction at the local scales, in terms of an
exchange between the two modes, C,, and {C). The TMMs have many similarities with
the two-phase models of catalytic reactors, with concept of transfer between phases
being replaced by that of exchange between the two modes. Examples are presented to
illustrate the usefulness of these TMMs in predicting micromixing effects on homoge-

neous reactions.

Introduction

The study of mixing effects on chemical reactions has been
an active area of research since the pioneering papers of
Danckwerts (1958) and Zweitering (1959). The topic has be-
come a part of classic chemical reaction engineering and has
been discussed in textbooks (Levenspiel, 1999; Froment and
Bishchoff, 1990; Westerterp et al., 1984) and review articles
(Villermaux, 1991). Historically, this study has progressed in
two parallel branches, based on the Lagrangian and Eulerian
frameworks of description, respectively.

The mechanistic models based on the Lagrangian descrip-
tion were initiated by the studies of Danckwerts (1958) and
Zweitering (1959), using the residence-time distribution
(RTD) theory and the ideas of “complete segregation” and
“maximum mixedness.” The two- and the three-environment
models (Ng and Rippin, 1965; Miyawaki et al., 1975) that fol-
lowed, described micromixing (that is, mixing caused by local
diffusion, local velocity gradients, and reaction at the small
scales) as an exchange between the environments of “com-
plete segregation” and “maximum mixedness.” Other mecha-
nistic models that have been formulated in the last forty years
include the coalescence—redispersion model (Harada, 1962),
the interaction by exchange with mean (IEM) model (Vil-
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lermaux and Devillon, 1972), models that assume diffusion
with chemical reaction in deforming fluid lamellae (Ottino et
al., 1979), and the engulfment—deformation—diffusion (EDD)
models (Baldyga and Bourne, 1984). Although many of these
models were low-dimensional (and, therefore, are inexpen-
sive to compute) and could relate the global to the local in-
teractions quite effectively, they are phenomenological in na-
ture and are derived based on a top-down approach involving
simplifying assumptions on the diffferent time and length
scales of the system.

The Eulerian (bottom-up) approach is to start with the
convective—diffusion equation and through Reynolds averag-
ing, obtain time-smoothed transport equations that describe
micromixing effectively. Several schemes have been proposed
to close the two terms in the time-smoothed equations,
namely, scalar turbulent flux in reactive mixing and the mean
reaction rate (Bourne and Toor, 1977; Dutta and Tarbell,
1989; Fox, 1992). However, numerical solutions of the three-
dimensional transport equations for reacting flows using CFD
codes are prohibitive in terms of the numerical effort re-
quired. For example, the minimum number of mesh points
(N,,.) necessary to perform the direct numerical simulation
(DNS) of the convective—diffusion equation for nonreacting
turbulent flow is given by N, = Re”*Sc¥?, where Re and Sc
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are the Reynolds and turbulent Schmidt numbers, respec-
tively. Moreover, due to strong coupling between transport
and reaction-rate processes, the model equations for reacting
flows are highly nonlinear and are known to exhibit a variety
of spatiotemporal behaviors. For cases of practical interest,
even with the present-day computational power, it is imprac-
tical to explore the different types of solutions and bifurca-
tion behaviors that exist in the multidimensional parameter
space, using CFD codes.

In this article, we present an alternate bottom-up approach
of describing mixing effects in chemical reactions. This ap-
proach is based on rigorous spatial averaging of the three-di-
mensional convection—diffusion-reaction (CDR) equations
over the local scales to obtain low-dimensional mixing mod-
els, which combine the rigor of the Eulerian models with the
simplicity of the Lagrangian ones. This averaging, which is
performed by using the Liapunov—-Schmidt (L-S) technique
of classical bifurcation theory, retains all the parameters of
the CDR equations in the low-dimensional models, and,
therefore, all the qualitative features of the latter. We show
that in order to describe mixing through low-dimensional
models effectively, we require fwo concentration variables for
each species (instead of one variable, as in many traditional
mixing models) and a local balance equation that captures
micromixing as a difference between the two concentrations.
The two concentration variables are called the two modes of
the system, and these models are called two-mode models
(TMMs). In this work, we present the two-mode models for
various reactors and illustrate their applications with exam-
ples.

Formulation of Two-Mode Models
Spatial averaging by the L—S technique

In this section, we introduce the L-S technique as a tool
for spatial averaging of different types of reactors and react-
ing flows. We illustrate this averaging technique by first con-
sidering the classical example of a laminar-flow tubular reac-
tor. Extensions to other flow fields and reactor types then
follow.

We start with the three-dimensional partial differential
equations that describe the convection, diffusion, and reac-
tion in the system and average them over the local (trans-
verse) dimensions using the L-S technique to obtain low-di-
mensional models. Such spatial averaging (dimension reduc-
tion) is possible if there exists a time/length-scale separation
in the system, that is, the local diffusion time is small (but
finite) as compared to the convection time of the system. Un-
der such conditions, local equilibrium exists at the short time
scales, and the transverse diffusion operator of the CDR
equation at equilibrium has a zero eigenvalue with a constant
eigenfunction. For small deviations from the equilibrium, the
L-S method projects the CDR equation on two orthogonal
function spaces, such that one contains the equilibrium solu-
tion (that is, the constant eigenfunction) and the other con-
tains the fluctuation about the equilibrium. The fluctuation
could then be solved perturbatively to any order in p (where
p is the ratio of local diffusion time to convection time of the
system). As mentioned earlier, irrespective of the flow or re-
actor type, the spatially averaged equations obtained retain
all the parameters present in the CDR equations, and, there-

2572

November 2002 Vol. 48, No. 11

fore, all the qualitative features of the latter. A detailed illus-
tration of the preceding methodology follows.

We assume that the scalar concentration C(&', 6, x, t)in a
tubular reactor of uniform cross section () with unidirec-
tional laminar flow obeys the CDR equation

aC aC

i Mx(§')5 + R(C)

M

m
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where u (¢') is the fully developed velocity field, D,, is the
molecular diffusivity, R(C) is the sink term due to the pres-
ence of chemical reaction, and x, 0, and ¢’ are the axial,
azimuthal, and radial coordinates, respectively. In the trans-
verse direction, Eq. 1 is subject to the no-flux boundary con-
dition at the wall, V,C-n =0, where n is the unit normal to
the boundary ¢Q) and V, is the gradient operator in (2, while
the inlet condition at x =0 is of Danckwerts’ type: (9C/dx)
=u (&NC(E ,x)— C,,(€)]. Using a (radius of the pipe) and
L (length of the pipe) as the characteristic lengths in the
transverse and axial directions, respectively, and Cy as the
reference concentration, we obtain four time-scales in the
system associated with convection (7.), local/transverse dif-
fusion (zp,), axial diffusion (¢,), and reaction (¢z)
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where V' and g, are the volume of the reactor and the volu-
metric flow rate of the reactants, respectively. The ratios of
these time scales give rise to the dimensionless parameters: p
(transverse Peclet number), Pe (axial Peclet number), Da
(Damkdhler number), and ¢? (local Damkdhler number),
given by

a* {u,)  tp (uyL 1,
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Using the following dimensionless variables,
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we rewrite Eq. 1 in dimensionless form as
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with boundary and initial conditions being given by

1 Jdc

Egﬂt(f)[c—cm] @ z=0 Q)
dc B B
5_0 z=1 (6)
dc B _o1
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c(£,0,z,t)=c(&,0+2m,z,t) ©)
c(£,0,z,t=0)=c, ©))

We may note that for p = 0, the transverse diffusion opera-
tor in Eq. 4 has a zero eigenvalue, with the equilibrium solu-
tion being given by a constant eigenfunction {c), where {c)
is the transverse averaged concentration defined as

1 et 0=2n
<c>——f§:0f9 c2¢d6 dé (10)

T -0

For small deviations from the equilibrium, or in other words,
if local (transverse) diffusion time is small (but finite) as com-
pared to convection time (that is, p is small), the scalar con-
centration ¢ in Eq. 4 could be written as

c(&,0,z,t)={c)(z,t)+'(&,0,z,t) (11)

where ¢’ is the deviation of the concentration from the equi-
librium, and goes to zero as p — 0.

Spatial averaging by the L—S technique consists in project-
ing the CDR equation (Eq. 4) on two orthogonal function
spaces, such that one contains the equilibrium solution and
the other contains the deviation from the equilibrium. We
refer to the former as “the global equation” and the latter as
“the local equation.” [For details of the L-S technique and
its application as an averaging tool, refer to Golubitsky and
Schaeffer (1984) and Balakotaiah and Chang (2002), respec-
tively.]

The global equation for the case of laminar-flow tubular
reactors is obtained by projecting Eq. 4 on the space contain-
ing the equilibrium solution, which in this case is acheived by
simply integrating Eq. 4 over the transverse dimensions, and
is given by

ey dc,, 1 9%c)
gt 9z Pe 972
+ Da r(<c>)+r (2<'c>) '+ =0 (12)

where the spatially averaged concentration {c) is given by
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Eq. 10, and the mixing-cup concentration c,, is given by
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Here, ¢,, and {c) are the two modes of the system, each of
which is representative of a physical scale of the system—c,,
of the convection scale and {c) of the reaction—diffusion
scale. The local equation is obtained by multiplying Eq. 11 by
u(€)=<Cuy+u'(¢) (where {u) is the dimensionless average
velocity and u' is the transverse variation about the average),
integrating it over the transverse cross section, and is given
by

¢, =fLey+u'c) (14)

It can be readily observed from Eq. 14 that the difference
between c,, and {c¢) depends on the local velocity gradients
u' and the local concentration gradients ¢’ caused by molecu-
lar diffusion and reaction at the local scales. Micromixing is,
thus, captured by the local equation as an exchange between
the two modes (scales), ¢,, and {c). Needless to mention that
macromixing, or large-scale mixing, is captured by the axial
Peclet number, Pe, in Eq. 12, as in the traditional axial-
dispersion model. Other traditional macromixing models,
such as the recycle model or the tanks-in-series model, use
the recycle ratio A or the number of tanks N, respectively, to
account for macromixing.

In order to determine ¢’, and, hence, the term {u'c’), we
substitute Eq. 11 in Eq. 4 to obtain

ac’ 1 (a3
(§—)+—( )=pg(<c>+0’) (15)

362

The L-S technique solves Eq. 15 for ¢’ perturbatively by ex-
panding it as an infinite series in p as

¢ = Z p'e; (16)

Since the transverse operator of the CDR equation is self-
adjoint, orthogonality of {c¢) and ¢’ is ensured by simply em-
ploying {c¢') =0, that is, {¢;> =0, i > 1.

For the case of laminar flow in a tube, that is, u( &) =2(1—
£2), with azimuthally symmetric feeding, ¢’ is obtained to
O(p) as

=—p—|G Tty (17)
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and {u'c’) and {c’c’) are obtained as

a{c)

(w'e'y=—PBip pe (18)
aer )

<C’C’>=71p2( {; ) (19)

where B, =1/48 and vy, =1/1,440 for laminar flow in tubes.
The local equation (Eq. 14) to O(p) is given as

J
cm=<c>_31p% (20)

While ¢’ has been derived to higher orders in p elsewhere
(Chakraborty and Balakotaiah, 2002), it has been shown that
the first-order term is sufficient to retain all the qualitative
features of the full CDR equations. Inclusion of higher-order
terms in the local equation only ensured greater quantitative
accuracy when the solution of the low-dimensional model was
compared with the exact solution of the full CDR equation.
Spatial averaging of the CDR equations using the L—-S tech-
nique for wall-catalyzed (surface) reactions shows a similar
feature. As a result, the two-phase models for catalytic reac-
tors, which are obtained by truncation of the spatially aver-
aged model at O(p), are known to be qualitatively correct for
all values of the local Damkdhler number, though they are
derived under the assumption of small transverse concentra-
tion gradients (p <<1). A mathematical justification for this
behavior of the two-mode/two-phase models is provided in
the section on the similarity between two-mode and two-phase
models.

The transverse averaged CDR equation to O(p), capable
of capturing both macro- and micromixing effects, is given by

ey e, 1 9%e)

Jat 0z Pe 9z*

+ Dar({c))=0 (21)

(e) %) 22
¢ Cm = :Blp Jz ( )
with boundary and initial conditions given by
1 ey 0 -
P_e 9z =Cpm = Cmin> @ zZ= ( )
n _g 1 24
o - @ s 4
(e)y=ALcy), @ =0 (25)

We shall refer to this model (Egs. 21-25) as the two-mode
axial dispersion model.

Tubular reactors

Equations 21-25 give the two-mode model for tubular re-
actors. In the limit of no macromixing present in the reactor,
that is, Pe — =, the two-mode models under steady-state con-

2574

November 2002 Vol. 48, No. 11

ditions simplify to

d
% =—Dar({c)), withc,(z=0)=c,;, (26)
¢y ICp,
tn={e)==Bp——==Bip—=+0(p’)

= Bi*r({e))+0(p?) (27)

We shall refer to this model as the two-mode convection model.
In dimensional form, it is given by

dac,,
== RO, with C,(r=0)=C,;,  (28)

Cm_<C>=tmixR(<C>) (29)

where 7 is the residence time in the reactor (= x/{u,)) and
tmix 15 the local mixing time of the system, and is given by

22
Imix = Bilp = ﬂlD_ (30)

The local mixing time ¢,;, depends on local variables, such as
the local diffusion time ¢;, (which in turn depends on the
local diffusional length scale, a, and the species molecular
diffusivity, D,,) and the local velocity fluctuations u’ (which
determines ;). The coefficient B8, could be analytically eval-
vated using the L-S technique for the case of any well-
defined flow fields; for example B, is 1/48 for fully devel-
oped laminar flow in pipes, while for plain Poiseuille and
Couette flows, B; is 2/105 and 1/30, respectively. For the
case of developing flow fields, these local quantities ( 8, and
tp) vary along the length of the reactor, and ¢, is, therefore,
a function of the residence time 7 as well as fluid viscosity. It
can be noted that in the limit of complete micromixing, that
is, t;x — 0, the two-mode convection model reduces to the
ideal plug-flow reactor model.

The extension of the two-mode axial dispersion model to
the case of fully developed turbulent flow in a pipe could be
achieved by starting with the time-smoothed (Reynolds-aver-
aged) CDR equation, given by Eq. 4, where the reaction-rate
term R(C) in Eq. 4 is replaced by the Reynolds-averaged
reaction-rate term, R, (C), and the molecular diffusivity, D,,,,
is replaced by the effective diffusivity, D,, in turbulent flows
given by

D,=D,,+ Dy (31)

where D is the turbulent diffusivity, which can be obtained
on the basis of turbulent shear stress and expressed in terms
of Reynolds number, using a formula similar to that pre-
sented by Wen and Fan (1975). Also, the Reynolds-averaged
reaction rate, R, (c), could be evaluated by using the simple
closure models of Bourne and Toor (1977), Brodkey and
Lewalle (1985), Li and Toor (1986), Dutta and Tarbell (1989),
and so on. We skip the details of these methods, since the
closure of the Reynolds-averaged transport equation is not
the focus of this article. It should also be pointed out that the
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spatial averaging presented here is independent of the
methodology by which R, (c) and D; are evaluated, or in
other words, spatial averaging follows time averaging.

We use a universal velocity distribution obtained by
Churchill (2001) to approximate the fully developed velocity
profile u( £) across the turbulent core, given by

u(§)=\/§(5.5+2.5 In [(1—5)1@@\/?}

15 , 10 \
P - -Fa-e) @)

where f is the Fanning friction factor and Re is the Reynolds
number. The important result is that the two-mode models
for a turbulent-flow tubular reactor are the same as those for
laminar-flow tubular reactors. The two-mode axial-dispersion
model for turbulent-flow tubular reactors is again given by
Eqgs. 21-25, while the two-mode convection model for the
same reactors is given by Eqgs. 28-29, where the reaction-rate
term r({c)) is replaced by the Reynolds-averaged reaction-
rate term, r,,({c)). The local mixing time ¢, for turbulent
flows is given by

a2

foi = Bi——— 33
mix Ble+DT ( )

where B, is given by

B, = 0.1f(2.05 +2.51n

SHEHIS

We note that in turbulent flows, typically D,, << D, as a re-
sult of which the local mixing time, ¢, is practically inde-
pendent of the molecular diffusivity or the molecular Schmidt
number.

Loop and recycle reactors

In this section, we present the two-mode models for loop
and recycle reactors. In a steady-state loop reactor of loop
length, L, a flow rate of g,, with an average velocity of {u,,
enters and leaves the reactor at points x =0 and x =/, re-
spectively (where x is the length coordinate along the loop),
and the total flow rate in the loop is Q + g;, between points
x=0and x=/, and is Q between points x=/ and x=L,
due to a recycle rate of Q. The recycle ratio A is the ratio of
the volume of fluid returned to the reactor entrance per unit
time to the volume of fluid leaving the system per unit time,
and is given by A = Q/q;,. The two-mode model for a loop
reactor is

1
———RKCY), O<x<lI
dc
== A (35)
—KR(<C>), Il<x<L

AIChE Journal

November 2002 Vol. 48, No. 11

C,,—<C)=1t,R(CY), 0<x<L (36)
with the boundary conditions

CpintAC,(x=L
in (x=1) 37)
1+A

(CH(x=1")=KC)(x=1") (38)

C,.(x=0)=

For the special case when no reaction occurs between x =/
and x =L, that is, C,(x=1)=C,(x = L), the loop reactor
reduces to a recycle reactor of length /, the two-mode model
for which is given by

dc,, 1
<um>7= —mR(<C>) (39)

C,—<C)=t,,R(KC)), 0<x<I (40)

with the boundary condition

ComTAC, (x=1)

C,(x=0)= — (41)

The two-mode loop and recycle-reactor models, like the
two-mode axial-dispersion model, are two-parameter, two-
mode models. Here, the two parameters are the recycle ratio,
A, and the local mixing time, ¢, which describe macro- and
micromixing effects in the system, respectively.

Tank reactors (CSTRs)

It is well known that as the recycle ratio A of a recycle
reactor is increased, the behavior shifts from a PFR at A =0
(no macromixing) to a CSTR at A = (perfect macromixing).
We use this idea to obtain the two-mode model for a per-
fectly macromixed CSTR, by integrating Eq. 39 along the
length of the reactor x and simplifying the resulting equation
for A > 1. This gives the two-mode model for a CSTR as

Cm _<C> _ Cm,in - Cm
tmix B Tc (42)
C,, —(C) =1, R({C)) (43)

where 7. (=V/q,,) is the total residence time in the reactor
and ¢, is the characteristic local mixing time. Equations 42
and 43, which are the global and local equations, respec-
tively, constitute a two-mode one-parameter model for a per-
fectly macromixed CSTR. Micromixing effects are captured
through the local mixing time, ¢, and in the limit of com-
plete micromixing (that is, 7., — 0), it reduces to the ideal
one-mode zero-parameter CSTR model. The unsteady-state
form of Egs. 42 and 43 is given by

dC) €, =(C)

o — R({C»),with(C>(¥ =0)=C, (44)

mix

Cm_<c> Cm,in_cm

(45)

tmix Tc
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Physical Interpretation of Two-Mode Models. Using the ex-
ample of a tank reactor, we present a physical interpretation
of the two-mode models. The physical system equivalent to
the two-mode model of a CSTR is a tank reactor consisting
of two zones, each of size V, namely, a nonreacting steady
convection zone (A), represented by C,,, and a reaction zone
(B), represented by {C). The interaction between zones A
and B is quantified by an exchange of reactants and products
at a rate of g from the convection scale (zone A) to the
reaction—diffusion scale (zone B). This exchange of material
between zones 4 and B occurs only through local diffusion,
and ¢, (=V/qz), which is the characteristic time scale for
this exchange, therefore, depends on the local diffusion time
of the system. Equations 44 and 45 represent the material
balances for zone B and zone A, respectively.

In general, any infinitesimal volume dV inside the tank
could be so imagined to consist of two zones/scales, and a
corresponding two-mode model could be written (Egs. 42 and
43) for a CSTR of volume dV. If macromixing in the CSTR is
complete, the two-mode model for any control volume dV
could be integrated over the entire volume of the tank V' to
generate a single two-mode model (Egs. 42 and 43) for the
whole tank.

However, macromixing effects often are not negligible in
real tanks, and are influenced by several factors, including
the type and speed of impellers (turbines) and the manner of
feed distribution. Macromixing effects in tanks often have
been modeled by using compartment models in the mixing
literature (Baldyga and Bourne, 1992). The two-compartment
model, for example, divides the tank into two compartments,
namely, the circulation zone and the impeller zone, which
are then modeled as two interacting CSTRs, with macromix-
ing being described as an exchange of material at rate Qp
between the compartments. We can use this two-compart-
ment model (or n-compartment model) to describe
macromixing, with each compartment itself being described
by a two-mode model that accounts for micromixing. The re-
sulting model is a two-mode, two-compartment model that
describes both macro- and micromixing effects in tanks. Simi-
larly, any other traditional macromixing model (such as, recy-
cle model, tanks-in-series model, exchange-with-stagnant-
zone model) for tank reactors could be suitably coupled with
the two-mode model to describe both macro- and micromix-
ing in tanks. However, if micromixing effects are dominant as
compared to macromixing ones, it could be shown that by
using L—S reduction in finite dimensions, the two-mode two-
compartment model is reducible to a two-mode model for
tanks (Egs. 44 and 45), where the local mixing time ¢, is
replaced by an effective mixing time ¢,,, which captures both
macro- and micromixing effects. This effective mixing time,
t)7, now not only depends on the local diffusion time and
local shear rates but also intricately on the tank geometry,
type, and number of impellers, baffle positions, and power
dissipation in the system. Therefore, only an experimental es-
timation of ¢,, is possible. This issue has been addressed in
detail elsewhere.

Extension to multiple reactions

The two-mode models for different types of homogeneous
reactors for the case of multiple reactions could also be ob-
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tained by averaging the vectorial form of the convective—dif-
fusion equation (Eq. 1) using the L-S technique. The dimen-
sional forms of the global evolution equations for multiple
reactions are summarized below:

for tubular reactors

dc,, :
— == RUO) with €, (7 =0) =, (46)

for tubular reactors with recycle

14 ) ZCm R({C)) with C 0y = Cmin T ACoe
A2 = =0)= 22 "
(14 A)—2 = = R(C)) with €,,(r =0) = 2
(47)

for CSTRs

Cm_Cm,in

———=-R(C)) (48)

Tc

where A is the recycle ratio and 7 is the residence time in
the reactor (= x/Au,)).

The dimensional form of the local equation, which is the
same in form for all the four reactor types, is

Cm_<C>=TmixR(<C>) (49)

where T, is an n X n matrix of characteristic local mixing
times given by T, =t,,,[DecN]™!, D(c)) is the matrix of
relative molecular/effective diffusivities (which could depend
on the species concentrations), and # is the number of species
involved. For turbulent flows, where the local mixing times
are practically independent of molecular Schmidt numbers,
D =1 (identity matrix).

Similarity Between Two-Mode Models and
Two-Phase Models

A striking structural similarity exists between the two-mode
models for homogeneous reactors and two-phase models for
heterogeneous catalytic reactors. This can be seen more
clearly when Eqgs. 28 and 29 are rewritten as

ACp _ Cu (O
<MX>W——T—— ey,
with C,, = C,n @ x=0 (50)

The two-phase model for a heterogeneous wall-catalyzed re-
action in a tubular reactor is given by

< > Cm_CS R(C
Uy dx - tTP - ( s)’

with C,,=C,,., @ x=0 (51)

It can be noticed that the spatially averaged concentration
(C) of the TMM (in Eq. 50) is replaced by the surface (wall)
concentration Cy in the two-phase model (Eq. 51), while the
local mixing time ¢.; of the TMM is replaced in the two-
phase model by a characteristic mass transfer time between
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the two phases, t;p, which is given by

1 a?

trp = Brptp = Sh D (52)

where ¢, is the transverse diffusion time scale, and B;p and
Sh,, are the two-phase transfer coefficient and the asymptotic
Sherwood number, respectively, that depend on the velocity
profile and tube geometry. For the case of fully developed
laminar flow in a circular tube, Sh,=1/B;p =48/11=4.36
while its analog in the TMM (comparing Egs. 30 and 52) is
1/B, = 48, where B, is the exchange coefficient in the TMMs.

The L-S technique not only gives us the low-dimenisonal
models but also allows us to specify the region of validity of
these reduced models in the parameter space. This is achieved
by solving for the local equation (Eq. 14) to higher orders in
p by using Egs. 15 and 16 and examining the radius of con-
vergence of the local equation, which is now an infinite series
in p. The radius of convergence of the local equation speci-
fies the region of applicability of the two-mode models. This
methodology has been illustrated elsewhere (Chakraborty and
Balakotaiah, 2002) using the example of the two-mode con-
vection model (that is, Pe — <) for a laminar-flow tubular re-
actor with a first-order reaction, the region of validity of which
was obtained as

kt iy = Day o < 0.858 (53)

where k is the first-order rate constant, ¢, ; is the local mix-
ing time, and their product Da,,. is the local Damkdhler
number, the ratio of local mixing time to reaction time. A
similar convergence test for the case of tank reactors (Pe = 0)
shows that the terms in the local equation, when arranged in
ascending order of p, change sign alternately (with a finite
ratio), thus, guaranteeing convergence for all values of p. As
a result, the TMM for a tank reactor remains qualitatively
correct for all values of the local Damkohler number, Da,,
and local mixing time, ¢, . The same is true for the case of
TMMs with any finite Peclet number (0 < Pe <) or recycle
ratio (0 < (1/A) <).

This characteristic of the two-mode models finds an exact
analogy in the two-phase models. It has been shown (Gupta
and Balakotaiah, 2001) that while for the case of Pe — «, the
Sherwood number (S4) obtained using a two-phase convec-
tion model diverges as p — o (entry region), it remains finite
and bounded for all values of p if the Peclet number is finite
(0 < Pe <). A justification of such behavior may be pro-
vided by examining the two-dimensional two-phase model
with a flat velocity profile and first-order reaction, for the
limiting case of Pe = 0. An analytical expression of the Sher-
wood number could be obtained for this case in terms of the
transverse Peclet number p, and is given by

1 L(Vp) 1
E=BTP=W_; (54)

The two-phase transfer coefficient B,, in Eq. 54, when ex-
panded in a series in p, consists of alternate positive and
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negative terms as

1 )4 p? p? 13 .

——— - + pt—...,
3,072 46,080 8,847,360

Brr=%"1g;

and is convergent for all values of p. As mentioned before,
this was also observed to be the case when the convergence
of the TMM for Pe =0 was examined using the L-S tech-
nique. Thus, for the case of any finite Peclet number (0 < Pe
<) or recycled ratio (0 < (1/A) <), the two-mode models,
like the two-phase models, remain qualitatively correct for all
values of local Damkohler number and local mixing time.

It will be illustrated with examples in the following section,
that just as the two-phase models can capture the mass-trans-
fer-limited asymptote in heterogeneous reactions (which is
missed by the pseudohomogeneous models), so can the two-
mode models capture the mixing-limited asymptote in homo-
geneous reactions, which is rendered inaccessible by the tra-
ditional one-mode models. Thus, there exists the following
one-to-one correspondence between two-phase models of
catalytic reactors and two-mode models of homogeneous re-
actors: two-phase transfer time (¢;p)— local mixing time
(¢,,x); two-phase transfer coefficeint ( B;p) — exchange coef-
ficient ( B,); surface (wall) concentration Cg — spatially aver-
aged concentration {C); mass-transfer-limited reaction —
mixing-limited reaction. Also, the two-mode models have a
range of applicability similar to that of the two-phase models.

Applications of Two-Mode Models
Single nth order reaction

For the case of an nth order reaction of the type
A—55B, withrate =k(C,)", n>0

the steady-state global evolution equations for two-mode
convection model and two-mode CSTR model are given by

dC, C.Y
dr 4
C m_C m,in
I — (G
Tc

respectively, while the local equation is given by
Coum —CCp) = 1 k(C "
For the case of n =1, the exit conversion
X( _ CA,m,in - CA,m )
CA,m,in

is given by:
for tubular reactors

Y1 — k7o
e 14kt
— Da ss
P T Da (3
2577



for CSTRs

¥ ko
(L4 kit )+ ke

Da
" 1+(1+n)Da (36)

where Da (= k7o) is the Damkoéhler number and
1 (= t,/7c) is the dimensionless mixing time.

For the case of n =2 (in a CSTR), the exit conversion X is
given by

e { V4Da(1+n)+1 +2Dan(1+1)—1

2Da(1+7)’

} (57)

where Da (=k7.C ;).
For the case of n=1/2 (in a CSTR), the exit conversion X
is given by

X= 0.5Da[\/Da2(1 +7)°+4 — Da(1+ n)] (58)

It should be mentioned that all single nth-order reactions
attain the same mixing limited asymptote for > 0 and Da
— . For the case of a tubular reactor, this asymptote is given
by

1
X=1—exp[——} (59)

n
while for the case of a CSTR, it is given by

1
- 60
T (60)

Figure 1 shows the conversion (X) for a single reaction with
first-, second- and half-order kinetics in a CSTR for two dif-
ferent cases of =0 (complete local mixing) and n =1. For
all cases, the conversions attain the mixing-limited asymptote
just given (Eq. 60) irrespective of the reaction kinetics.

In the limit of complete local mixing (¢,,;, = 0), the TMMs
for tubular reactors and CSTRs reduce to classic ideal reac-
tor models and the exit conversions predicted by Eqgs. 55 and
56 in the asymptotic limit of n — 0 are the same as those
predicted by the ideal PFR and the ideal CSTR models, re-
spectively (and are independent of n), that is:

for tubular reactors

n—=0, X=1—exp[— Da]
for CSTRs
Da
20 X b
2578
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Figure 1. Variation of exit conversion with Damkohler
number, Da, for a single nth-order reaction in
a CSTR, for n =0 (perfect micromixing) and
n=1.

In the other asymptotic limit of ¢, — o, the TMMs for both
the tubular reactor (Eq. 55) and the CSTR (Eq. 56) predict
the same exit conversion, as

A B
Da=10 Da=k T

100

n=t_ /‘CC

x
Tubular Reactor 1

10

Conversion, X (%)

Ll
0.01 0.1 1 10 100
n

Figure 2. Variation of conversion with dimensionless

local mixing time, 7, for single first-order re-
action in a CSTR.
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Figure 2 shows the variation of the exit conversion for a
first-order reaction in a tubular reactor and a CSTR, with the
dimensionless mixing time 7, and the attainment of the two
asymptotes for n — 0 and n — .

First-order reactions in series

It is well known that mixing affects the yields of intermedi-
ate products in series reactions, even if the kinetics is linear.
We illustrate this with the example of first-order reactions in
series of the type

A—Hsp—25X

occurring in a CSTR, and the reaction rates of 4 and P be-
ing given by

R =k((Cy)
Rp=—k{C )+ k,{Cp>
The two-mode model equations for this system are given by

CA,m - CA,in == Da<CA> (61)
Cum —<Cy) =nDalC ) (62)

k
Cpom = Cpn= —Da[—<cA>+ k—2<cp>} (63)
1
k,
cP,m—<cp>=noa[—<cA>+k—<cP>} (64)
1

where Da( = k,7.) is the Damkohler number and n(=t¢,, /
7¢) is the dimensionless mixing time. The yield of P (for the
case of Cpj, = 0) is given by

Cpm Da

Cc,. k
Ain [1+Dak—2(1+n) [1+ Da(1+1)]
1

Figure 3 shows (for the case of k,=10k,) how the TMM
(Egs. 61-64) predicts the decreasing yield of the intermedi-
ate product, P, with increasing local mixing limitations (that
is, increasing values of ) in the system.

As seen in Figure 3, the optimal yield of P occurs at a Da
given by

1
Dafop = ——————
P @ mykok,

and the optimal yield of P is

Cp 1 1

,m

Caiin lops T (1++/ka/ky )2

Figure 4 shows how the optimum yield of P varies with mi-
cromixing limitations in the system, for different values of
ky/ky.

AIChE Journal

November 2002 Vol. 48, No. 11

T T TTTTIT T T T T T LR | T T TTTTIL

0.6

n=0, Ideal CSTR

0.5

A,in
I
'S

Pm

0.3

0.2

0.1

/C
LIS L B L e L L L L B B B

v b vy b v v by v g by by g |

0

0.01 0.1 1000

Figure 3. Variation of yield of intermediate product with
dimensionless local mixing time, 7, for the
case of first-order reactions occurring in se-
ries.

The preceding analysis could be generalized very easily to
the case of an arbitrary number of first-order reactions. For
the case of a CSTR, the exit concentration vector is then
given by

-1
Cm=[1+TCKm] Cm,in (65)
1_ T T IIIIIII T T IIrIIII T T T T rrrr
C k\ kz
r k,/k=0.1 A—P—X i
_ 0.5
C Da_=(k /k)"/(1+0) ]
i nztmix/rc
~y
<
Q
i
&
)
;‘s- 0.1
=
2
>
£
=
=3
S
001 . 1 lIIIIII 1 1 IIIlll! 1 1 111

0.01 0.1 1 10
n

Figure 4. Variation of optimum yield of intermediate
product with dimensionless local mixing time,
1, for the case of first-order reactions occur-
ring in series, for different values of reaction
rate constants.

2579



~ 08— -
3

|®] r .
= L 4
B

=1 r 4
8

T-é 0.6~ —
E L _
£ =

2 L 4
£

E 04 -
g

8 [~ -
=

=3 - g
Q

3 i )
g o2 -
T j

0 1 llllll'I IIllIII l IIllIIll —l L L1l
0.01 0.1 1 10 100 1000

Damc (=nDa)

Figure 5. Variation of reactant and product concentra-
tion with local Damkéhler number, Da,,.
(=nDa), for the case of first-order reactions
occurring in series.

while for the case of a tubular reactor, the same is given by
Cm = CXp [_ TCKm]Cm,in’ (66)

where K, is the mixing-disguised rate-constant matrix, and is
given by

-1

K, =K(I+1t,,D"'K) 67)

where K is the matrix of true rate constants and D is the

matrix of relative diffusivities. It can be noted from the pre-

ceding equations that in the limit of local mixing control, only

a very small percentage of the initial reactant is converted to

the final product, and no intermediates are left unreacted.
Figure 5 illustrates this well.

Bimolecular second-order reactions

Second-order reactions provide the simplest example of
nonlinear kinetics where micromixing limitations have signifi-
cant effects on reactant conversion. We use the TMM to de-
termine the same for a typical bimolecular second-order re-
action of the type

A+B—X5P, with rate = kC,Cp

occurring in a CSTR. In terms of the Damkohler number
Da(= kC,;,7¢) and the dimensionless mixing times

M=ty min/7c) and mp(=tp . /1), the balance equations
obtained by using the TMM for a CSTR are

Da
CA,m_CA,m:_ C <C,4><CB> (68)
A,in
Da
CA,m_<CA>=nAC_<CA><CB> (69)
A,in
Da
CB,m - CB,m == C <C,4><CB> (70)
A,in
Da
CB,m _<CB> =nBC_<CA><CB> (71)

A,in

For the case of stoichiometric feed (C,;, = Cy;, =C;,) and
equal mixing times (1, = 1), the conversion (X) is given by
Eq. 57. In the limiting case of “maximum mixedness” (n = 0),
it reduces to the ideal CSTR limit given by

- 2Da (72)

{ V4Da+1 —1 }
In the limit of “total segregation,” that is, n > 0 and Da — o,
such that nDa = Da,,, —  (infinitely fast reaction), the local
concentrations approach zero ({C,) ={Cpz) =0), while the

mixing-cup concentrations approach the mixing-limited
asymptote of

CA m n
C

CBm _ n CPm

1
= ; = ;o X = = (73)
1+n C 1+7 C, 1+n7

in in
Figure 6 illustrates how the conversion (X) varies with the
Damkohler number Da for different values of the dimension-
less mixing time, m, for the case of stoichiometric feeding of
reactants. The attainment of the mixing-limited asymptote is
also shown.

As mentioned in the section on the similarity between the
two-mode and two-phase models, this mixing-limited asymp-
tote for homogeneous reactions is analogous to the mass-
transfer limited asymptote for wall-catalyzed reactions. Just
as the wall (surface) concentrations approach zero for the
case of infinitely fast surface reactions (while the bulk/mix-
ing-cup concentrations remain finite), so do the local concen-
trations (C;) for infinitely fast homogeneous reactions (i =
A,B). Unlike in catalytic reactors, where the exchange be-
tween the phases occurs at the solid—fluid boundary, the ex-
change between modes (scales) in homogeneous reactors oc-
curs in the entire domain.

The case of nonidentical mixing times (1, # np) is also cap-
tured conveniently by the TMM, in which case, the conver-

X=1-

2580

sion (for the case of stoichiometric feed, that is, C;, = Cg;,)
is given by
\/(1 +4Da)k*+2n,Dax(k +1)+[nDax(k — 1)]2 +n,Da(Cn,+k +1)—«
2Da(1+7m,)(k +my)
November 2002 Vol. 48, No. 11 AIChE Journal
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Figure 6. Variation of exit conversion with Damkdhler
number, Da, for a second-order reaction in a
CSTR, for different values of dimensionless
local mixing time, 7.

where the ratio of the two mixng times is k(= n,/m;). Figure
7 shows that a difference in the two mixing times by a factor
of 4 leads to a large decrease in the reactant conversion X.

Multiple reactions

The advantage of TMMs is best seen in the case of multi-
ple reactions with nonlinear kinetics. While the solution of
the CDR equation requires elaborate and expensive numeri-
cal schemes (especially for large Schmidt numbers and when
a large number of species are involved), the TMMs require
only a numerical effort comparable to that of the classic ideal
reactor models. Calculations confirm that the solution of the
TMMs is in excellent agreement with the solution of the CDR
equation (Chakraborty and Balakotaiah, 2002). In this sec-
tion, we use two examples to show how the TMMs bring forth
the local mixing effects on product yields in multiple reac-
tions, even in the case of infinitely fast kinetics.

k k

Reactions of the Type A—l>B—2>C, A+C—>5D.
An example of practical interest is the class of organic reac-
tions leading to Durene formation, which is given by

Methanol — Olefins — Aromatics + Paraffins,

Aromatics + Methanol — Durene

A symbolic representation of this (and many other similar)
reaction(s) is

Kk ks
A——>B——C,

ks
A+C——>D
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Figure 7. Effect of difference in local mixing times of
species A and B on conversion for a
second-order biomolecular reaction occur-
ring in a CSTR.

If D is desirable, it has been shown that a CSTR is recom-
mended instead of a PFR (Shinnar, 1986). We use the TMM
to study the effects of micromixing limitations in a CSTR on
the formation of D. The balance equations are obtained us-
ing the TMMs for multiple reactions (Egs. 48 and 49), which
on simplification, give

Cum—Cuin=—DaR, (74)
CA’m—<CA>=nDaRA (75)
Cpm—Cpin=—DaRy (76)
Cpm —{Cp) =mDaRy (77)
Cem—Ccin=—DaRc (78)
Cem —<Cc) =nDaR¢ (79)
where
ks
1
k,
1
k, ks
RC=—k—<CB>+k—<CA><CC> (82)
1 1
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ks
Rp= = 2 (CaXCe) (83)

and Da = k7, and n =1, /7-. The exit mixing-cup concen-
tration of D is obtained as

CD,m - CD,in =—DaR, (84)
An analytical solution of the preceding set of equations is
possible. For the case of Cy;, =Cc;,=Cp;, =0, it is given
by

€y 1
CA,in 2b

2
+4b

ks
(1+n)Da|l1-—|+1
ky

—[(1+n)Da(1—%)+l},

~ ks | (14m)° Da?(ky/ky)
b= b | T ) Date k) l
oy (1+)° Da® (ko /k1)(C)
¢ [1+(1+m)Da(ks/k)C ) ][1+(1+n)Da(ky/k,)]’
k
Cpp= Dak—3<cA><CC> (85)
1

For the case of mixing-limited fast reactions (n > 1, Da > 1),
the exit concentration of D is given by the asymptotic limit of
the preceding equation (Eq. 85)

CD,m
Coin

(86)

k3Cy in 1
Jin k1+k3CA,in) I+n
Figure 8 illustrates these results (Eq. 85) and the attainment
of the mixing-limited asymptote (Eq. 86), which depends only
on the characteristic local mixing time of the system (n), for
the case of k; =k, =10k;C, ;,. It shows that increased mix-
ing limitations in the tank result in decreased yield of D, and
minimal mixing limitations in the CSTR, are, therefore,
preferable for the maximum yield of D. .

Reactions of the Type A + B——C, B+C——D. Com-
petitive—consecutive reactions of the type

k
A+Bk—1>C,
B+C—D

are the prototype of many multistep reactions, such as, nitra-
tion of benzene and toluene, diazo coupling, and bromina-
tion reactions. Experimental observations (Li and Toor, 1986)
show that if the first reaction is infinitely fast as compared to
the second one (that is, k,/k, =), under perfectly mixed
conditions B is completely consumed by the first reaction
and the yield of D is zero (if 4 and B are fed in stoichiomet-
ric amounts). However, it was observed that if the mixing of
A and B is not attained down to the molecular scale, the first
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Figure 8. Variation of concentration of D with Da
(Damkoéhler number) for multiple reactions of
the type A~ B —~C, A+ C — D, occurring in
a CSTR, for different values of dimensionless
local mixing time, 7).

reaction is not complete and there remains a local excess of
B, which can then react with C to produce D. The yield of D
increases monotonically as the reaction rate of the second
reaction increases, finally attaining a mixing-limited asymp-
tote.

We use the TMM for a CSTR to verify this observation. If
A and B are fed in stoichiometric amounts (Cy;, =C,;, =
C,,), the local excess of B that remains after the first reac-
tion attains its mixing-limited asymptote (in the limit of Da,
= k,C;,7c — ) is obtained from Eq. 73 as

Cp M
C.

m

- 1+7

while the amount of C formed from the first reaction is given
by

Céon 1
C

B 1+

in

where 7 is the dimensionless mixing time of the system. The
second reaction is then simply a bimolecular second-order re-
action between B and C. The resultant yield of D is given by
Y, where

2Cp,,

Y =
b Ce,, +2Cp,,

87
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Figure 9. Variation of the yield of D with Damkdhler
number for a competitive-consecutive reac-
tion scheme A+ B — C, B + C — D, when the
first reaction is infinitely fast, for different val-
ues of the dimensionless local mixing time, 7.

and C.,, and Cp,, are the exit concentrations in a CSTR in
which only the second reaction occurs with feed concentra-
tions of Cj,, and C(,,. Figure 9 shows the increase in the
yield of D with Da,, the Damkohler number of the second
reaction, given by Da, = k,C; 7., for the case when the first
reaction is infinitely fast and 4 and B are fed in stoichiomet-
ric amounts (that is, Cp;, = C,;, = Cy, and Ce = Cp;, = 0).
While no D is formed for the case of n =0 (ideal CSTR), a
significant increase in yield of D is obtained if finite mi-
cromixing limitations are present in the system. The maxi-
mum yield of D, obtained when the mixing-limited asymptote
is attained also for the second reaction, is

27
, f <1
1+2g° 00T
YD,max = 2 (88)
, for m>1
1+27

Thus, in this case, an optimal yield of D exists, and is ob-
tained for n =1, the reason for which is intuitively obvious.

Autocatalytic reactions

Mixing effects on bifurcation features of isothermal auto-
catalytic reactions have attracted attention before (Kumpin-
sky and Epstein, 1985). We examine the same effects by using
the TMM for the case of an activator—deactivator-type kinet-
ics given by

A+2B—* 3B

AIChE Journal
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Figure 10. Bifurcation set showing the region of multi-
ple solutions in the parameter space of Da
and pu, for different values of local mixing
times, 7, for an autocatalytic reaction occur-
ring in a CSTR (with mixing times of all
species being identical).

with the reaction rate of the disappearance of 4 and B be-
ing given by

R,=—Ry=k{(C){Cp)*
where A is the deactivator, B is the activator, and k is the

rate constant. The TMM for a CSTR written for the preced-
ing reaction kinetics is given by

Da
CA,m -Cy Jin = C? R, (89)
A,in
Da
Cam—CCy)=my CTRA (90)
A,in
Da
CB,m - CB,in CTRB (91)
A,in
Da
CBm_<CB>—7IBCTRB (92)
A ,in

where Da = kCj;,7¢; m,y and my are the dimensionless mix-
ing times of A and B, given by m,=1,.:./7c and mz =
pmix/Tc> TESPEctively; and u=Cp;, /Cy ;.

Figure 10 shows the bifurcation set (region of three solu-
tions) in the (Da,w) space for different values of n (for the
case where the mixing times of 4 and B are equal, that is,
M4 = Mg = M), obtained by solving the preceding set of equa-
tions (Egs. 89-92). For any Da and p that lie within the
curve, there exist three distinct solutions of the exit conver-
sion of A (or B), while for points lying outside the curve
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Figure 11. Bifurcation diagram of exit conversion X vs.
Damkohler number, Da, for an autocatalytic
reaction occurring in a CSTR (with mixing
times of all species being identical).

there exists only one solution for the exit conversion. It can
be seen that the region of multiplicity shrinks, as mixing limi-
tations in the system (that is, the dimensionless mixing time
1) increases. However, the multiplicity region exists for any
finitely large value of 7, and vanishes only for the case of
segregated flow (n — ).

Figure 11 presents a typical bifurcation diagram of the exit
conversion (X), with the Damkohler number, Da, as a bifur-
cation parameter, for the case of u=0.01 and two different
values of 7. It can be noted that the exit conversion X on the
ignited branch decreases by a factor of 2 as n increases from
0to 1.

Interestingly, the TMMs capture the effects of mixing limi-
tations for the case of nonidentical mixing times (that is, 7,
# 7p) almost as easily as in the case of equal mixing times.
Figure 12 presents the bifurcation set in the (Da,u) space for
different values of n, and for a fixed value of n; (=1). The
region of multiplicity expands as 7, decreases (for n, < np).
Figure 13 shows the bifurcation diagram of the exit conver-
sion X with the Damkohler number, Da, as the bifurcation
parameter for the case of u=0.01 and two different values
of m,. The exit conversion X on the ignited branch increases
by a factor of 1.7 as n, decreases from 1 to 0.2.

Conclusions

In the hierarchy of homogeneous reactor models, the clas-
sical ideal reactor models stand at one end as the simplest,
while the generalized convective—diffusion—reaction (CDR)
model stands at the other end as the most detailed one. While
the former cannot capture micromixing effects on reactions,
the latter requires expensive numerical schemes, especially
for large Schmidt and/Damkdohler numbers, and for multiple
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Figure 12. Bifurcation set showing the region of multi-
ple solutions in the parameter space of Da
and p, for different values of local mixing
time of species A, 7,, for an autocatalytic
reaction occurring in a CSTR (with mixing
times of the species being nonidentical).

reactions with a large number of species. The two-mode
models (TMMs) proposed here bridge the gap between the
two extreme cases of reactor models and provide a practical
approach for describing mixing effects on reactor perfor-
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Figure 13. Bifurcation diagram of exit conversion X vs.
Damkdhler number, Da, for an autocatalytic
reaction occurring in a CSTR (with mixing
times of the species being nonidentical).
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mance. They retain all the parameters present in the full CDR
model, and, therefore, all the qualitative features of the lat-
ter, and yet, their solution requires a numerical effort compa-
rable to that of the ideal reactor models.

The two-mode models describe micromixing in homoge-
neous reactions as an effective exchange between the global
(convection) and the local (reaction—diffusion) scales, repre-
sented here by the mixing-cup concentration and the spatially
averaged concentrations, respectively. This exchange is char-
acterized by a local mixing time, which depends on the local
diffusional time and the local shear rates. It has been shown
that the two-mode models can predict micromixing effects on
bifurcation features in the case of autocatalytic kinetics, cap-
ture effects of differences in species diffusivities and nonuni-
form reactant feeding on conversion, and predict mixing-
limited asymptotes in nonlinear reactions. The TMMs can
also be easily extended to the case of nonisothermal reac-
tions.

As discussed earlier, there exists a striking analogy be-
tween the two-mode mode models of homogeneous reactors
and two-phase models of catalytic reactors. This analogy can
be carried further by noting that for all cases of well-defined
flow-fields, where two-phase mass-transfer coefficients can be
estimated theoretically, we can also estimate the exchange
coefficient ( B,) or the local mixing time (¢,,;,) of the TMMs.
For more complex flow fields (such as, packed bed), the local
mixing time, like the mass-transfer coefficient, could be cor-
related to Re, Sc, and the geometrical characteristics of the
system. Thus, the two-mode models of homogeneous reactors
are as general as the two-phase models of catalytic reactors, and
have a similar range of applicability.

To summarize, the two-mode models are the minimal mod-
els that provide a low-dimensional description of micromix-
ing, by coupling the interaction between chemical reaction,
diffusion, and velocity gradients at the local scales to the
macroscale reactor variables (such as, mixing-cup concentra-
tion, flow rate, and reactor size or residence time). Due to
their simplicity and generality, it is hoped that they will find
applications in the preliminary design and optimization of
homogeneous chemical reactors.
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Notation

a = radius of the tube
C(c) = reactant (dimensionless) concentration
D = relative (normalized) molecular diffusivity matrix
Da = Damkohler number
Day,. = local Damkdhler number
D, = effective diffusity in turbulent flow
D,, = molecular diffusivity
D= turbulent diffusivity
f= friction factor
k= reaction rate constant
K= reaction rate constant matrix (in multiple reactions)
K ;.= mixing-disguised rate-constant matrix (in multiple reactions)
L = length of the reactor
p = transverse Peclet number
Pe = axial Peclet number

AIChE Journal

November 2002

Q = volumetric flow rate of recycle
¢in = volumetric flow rate of reactants
R = rate of reaction (dimensional)
t= time
u, = velocity
X= conversion
x= coordinate along the length of the reactor (dimensional)
Y=yield
z=dimensionless coordinate along the length of the reactor

Greek letters

B=exchange coefficient
n= dimensionless local mixing time (¢,;, /)
0= azimuthal coordinate
k=ratio of molecular diffusivities of B and A (in bimolecular
reactions)
A = recycle ratio
u=feeding ratio of B to A (in autocatalytic reactions)
&= dimensionless radial coordinate
7= residence time in the reactor
7o = total residence time in the reactor/characteristic convection
time
¢>= Thiele modulus or local Damkdhler number

Subscripts and superscripts

D = transverse diffusion
m = mixing cup
mix = local mixing
R = reaction
Z = axial diffusion
()= transverse averaged

Literature Cited

Balakotaiah, V., and H.-C. Chang, “Hyperbolic Homogenized Mod-
els for Thermal and Solutal Dispersion,” SIAM J. Appl. Math., in
press (2002).

Baldyga, J., and J. R. Bourne, “Mixing and Fast Chemical Reaction:
VIII. Initial Deformation of Material Elements in Isotropic Homo-
geneous Turbulence,” Chem. Eng. Sci., 39, 329 (1984).

Baldyga, J., and J. R. Bourne, “Interactions Between Mixing on Var-
ious Scales in Stirred Mixing Tank Reactors,” Chem. Eng. Sci., 478,
1839 (1992).

Bourne, J. R., and H. L. Toor, “Simple Criteria for Mixing Effects in
Complex Reactions,” AICKE J., 23, 602 (1977).

Brodkey, R. S., and J. Lewalle, “Reactor Selectivity Based on First-
Order Closures of the Turbulent Concentration Equations,” AIChE
J., 31, 111 (1985).

Chakraborty, S., and V. Balakotaiah, “Low Dimensional Models for
Describing Mixing Effects in Laminar Flow Tubular Reactors,”
Chem. Eng. Sci., 57, 2545 (2002).

Churchill, S. W., “Turbulent Flow and Convection: The Prediction
of Turbulent Flow and Convection in a Round Tube,” Advances in
Heat Transfer, J. P. Hartnett, T. F. Irvine, Y. I. Cho, and G. A.
Greene, eds., Academic Press, New York (2001).

Danckwerts, P. V., “The Effect of Incomplete Mixing on Homoge-
neous Reactions,” Chem. Eng. Sci., 8, 93 (1958).

Dutta, A., and J. M. Tarbell, “Closure Models for Turbulent React-
ing Flows,” AIChE J., 35, 2013 (1989).

Fox, R. O., “Computation of Turbulent Reactive Flows: First Princi-
ple Macro/Micro Mixing Models Using Probability Density Func-
tion Methods,” Chem. Eng. Sci., 47, 2853 (1992).

Froment, G. F., and K. B. Bishchoff, Chemical Reactor Analysis and
Design, Wiley, New York (1990).

Golubitsky, M., and D. G. Schaeffer, Singularities and Groups in Bi-
furcation Theory, Vol. 1, Springer-Verlag, Berlin (1984).

Gupta, N., and V. Balakotaiah, “Heat and Mass Transfer Coeffi-
cients in Catalytic Monoliths,” Chem. Eng. Sci., 56, 4771 (2001).
Harada, M., “Micromixing in a Continuous Flow Reactor (Coales-
cence and Redispersion Models),” Mem. Fac. Eng., Kyoto Univ., 24,

431 (1962).

Vol. 48, No. 11 2585



Kumpinsky, E., and I. R. Epstein, “A Model for Stirring Effects on
Transitions in Bistable Chemical Systems,” J. Chem. Phys., 82, 53
(1985).

Levenspiel, O., Chemical Reaction Engineering, Wiley, New York
(1999).

Li, K. T., and H. L. Toor, “Turbulent Reactive Mixing with a Series-
Parallel Reaction—Effect of Mixing on Yield,” AIChE J., 32, 1312
(1986).

Miyawaki, O., H. Tsujikawa, and Y. Uraguchi, “Chemical Reactions
Under Incomplete Mixing,” J. Chem. Eng. Jpn., 8, 63 (1975).

Ng, D. Y. C, and D. W. T. Rippin, “The Effect of Incomplete Mix-
ing on Conversion in Homogeneous Reactions,” Chem. Eng. Sci.,
22, 65 (1965).

Ottino, J. M., W. E. Ranz, and C. W. Macosko, “A Lamellar Model
for Analysis of Liquid-Liquid Mixing,” Chem. Eng. Sci., 34, 877
(1979).

Shinnar, R., “Use of Residence- and Contact-Time Distributions in

Reactor Design,” Chemical Reaction and Reactor Engineering,
Dekker, New York (1986).

Villermaux, J., and J. C. Devillon, “Représentation de la Coales-
cence et de la Redispersion des Domaines de Ségrégation dans un
Fluide per Modele d’Interaction Phénoménologique,” Proc. Int.
Symp. Chemical Reaction Engineering, Amsterdam, p. B1 (1972).

Villermaux, J., “Mixing Effects on Complex Chemical Reactions in a
Stirred Tank,” Rev. Chem. Eng., 7(1), 51 (1991).

Wen, C. Y., and L. T. Fan, Models for Flow Systems and Chemical
Reactors, Dekker, New York (1975).

Westerterp, K. R., W. P. M. van Swaaij, and A. A. C. M. Beenackers,
Chemical Reactor Design and Operation, Wiley, New York (1984).
Zweitering, T. N., “The Degree of Mixing in Continuous Flow Sys-

tems,” Chem. Eng. Sci., 11, 1 (1959).

Manuscript received Nov. 12, 2001, and revision received Apr. 30, 2002.

2586

November 2002 Vol. 48, No. 11

AIChE Journal



